The ionization energy of a large spherical metal cluster of radius R is I(R)ϭWϩ( 1 2 ϩc)/R, where W is the bulk work function and cϷϪ0.1 is a material-dependent quantum correction to the electrostatic size effect. We present ''Koopmans'' and ''displaced-profile change-in-self-consistent-field'' expressions for W and c within the ordinary and stabilized-jellium models. These expressions are shown to be exact and equivalent when the exact density profile of a large neutral cluster is employed; these equivalences generalize the BuddVannimenus theorem. With an approximate profile obtained from a restricted variational calculation, the ''displaced-profile'' expressions are the more accurate ones. This profile insensitivity is important, because it is not practical to extract c from solutions of the Kohn-Sham equations for small metal clusters.
The ionization energy I(R) of a spherical metal cluster with radius R is the work needed to remove an electron from the neutral cluster. By definition, Rϭr s N 1/3 , where r s is the Seitz radius or bulk density parameter of the corresponding bulk metal, and N is the number of valence electrons in the neutral cluster. For large radii R, the ionization energy can be expanded as
We use atomic units (e 2 ϭបϭmϭ1). W is the bulk work function of the planar metal surface, corresponding to the limit R→ϱ. cϷϪ0.1 is a material-dependent quantum correction to the classical value 1/2 ͑Ref. 4͒ of the R Ϫ1 coefficient in the expansion ͑1͒. The electron affinity A(R) of a large cluster is given 1 by the right-hand side of Eq. ͑1͒ with the substitution 1/2→Ϫ1/2.
In the jellium model [5] [6] [7] there are two expressions for W ͑Refs. 5 and 8-10͒ and two for c ͑Refs. 11 and 12, and Ref. 3͒ in terms of the density profile of the neutral cluster. The or ''displaced-profile change-in-selfconsistent-field'' ͑Refs. 9 and 10͒ expression for W is equivalent via the Budd-Vannimenus theorem 13 to the exact ''Koopmans'' expression of Lang and Kohn, 5 but is less sensitive 9, 10 to errors in the approximate density profile for the neutral planar surface. Here we similarly show for the size-effect coefficient c that the Seidl-Brack or ''displacedprofile change-in-self-consistent-field'' expression, derived as an approximation in Ref. 3 , is exact, like the ''Koopmans'' expression of Pogosov and co-workers, 11, 12 but is less sensitive to errors in the approximate density profile of the neutral finite cluster.
In the jellium model, 5-7 the total energy as a functional 14, 15 of the electron density n(r) is
͑2͒
where n ϩR (r)ϭn⌰(RϪr) is the uniform positive background density, and nϭ 3 4r s 3 .
T s and E xc are the noninteracting kinetic and the exchange-correlation 15 energies, respectively. We begin with a review of the derivation of the ''Koopmans'' expressions. We consider continuum densityfunctional approximations such as the gradient expansion 14 for T s ͓n͔ or the local-density approximation 15 Because of the Hohenberg-Kohn theorem, 14 (R) is a constant, independent of r. Let us evaluate the right-hand side of Eq. ͑4͒ at a point r deep inside the cluster where n R (r)ϭn, and
e kxc (n) is the sum of the noninteracting kinetic and exchange-correlation energies per electron in a uniform gas of density n. We expand 2 R (r) about the electrostatic potential (x) of the planar surface,
where xϭrϪR gives the distance from the edge of the spherical positive background. From Eq. ͑5͒, (ϱ)ϭh(ϱ) ϭ0 and, for x deep inside the cluster, (x) and h(x) can be replaced by the constants (Ϫϱ) and h(Ϫϱ), respectively. Combining Eq. ͑1͒ with Eqs. ͑3͒, ͑4͒, ͑6͒, and ͑7͒, we find the familiar ''Koopmans'' expression
for the bulk work function, where ⌬ϭϪ(Ϫϱ) is the electrostatic surface dipole barrier. We also find
of the density profile n R (x) of the neutral cluster about the profile n(x) of the planar metal surface. n(x) and f (x) are to be found by extrapolating n R (x) and R͓n R (x)Ϫn(x)͔, respectively, to Rϭϱ. 
where ␣, , and ␥ are, respectively, the volume, surface, and curvature energies. The chemical potential is ϭ‫ץ‬E/‫ץ‬N. Since all the excess charge in a metal resides on the surface, the change in the electron number is dNϭϪ4R 2 d⌺, where ⌺ is the surface charge density. For the same reason, only and ␥ in Eq. ͑11͒ depend on ⌺, while ␣ is charge independent. Comparing with Eqs. ͑1͒ and ͑3͒, we find
.
͑13͒
We call these equations ''change-in-self-consistent-field'' expressions, since they are found directly from the change in the total energy upon ionization. 
where n R (x) is the profile of the neutral cluster, and the displacement ␦ R,⌺ is chosen to satisfy 
where ␦n(r)ϭn R,⌺ DP (x)Ϫn R,⌺ (x) is of order ⌺, since both n R,⌺ DP (x)Ϫn R (x) and n R,⌺ (x)Ϫn R (x) are of order ⌺. Note that this expression does not contain the bulk energy e kxc (n), but presents the surface energy purely in terms of the profiles n(x) and f (x). For approximate n(x) and f (x) obtained from a restricted variational calculation, the ''displaced-profile change-in-selfconsistent-field'' expressions ͑16͒ and ͑17͒ are expected to be the more accurate and less profile-sensitive expressions, although they are not extremal. 9, 10 The profile sensitivity of the ''Koopmans'' expressions ͑8͒ and ͑9͒ can be traced in part to their dependence upon the density profiles inside the jellium edge (xϽ0), where the profile n(x) that solves the Euler equation must oscillate above n for low bulk densities n. To see why, look at Eq. ͑19͒ for the inner part ⌬ Ͻ of the surface dipole barrier. The integral for ⌬ Ͻ in Eq. ͑19͒ cannot be negative unless n(x)Ͼn for some negative x. Since e kxc minimizes at r s ϭ4.2, ⌬ Ͻ must be negative for r s Ͼ4.2. Table I shows that this is so for the Lang-Kohn 5 exact solution of the KohnSham equations, but not for the Seidl-Brack 3 restricted variational solution, which exhibits no oscillation but decreases monotonically from n inside the system to 0 outside. For the Lang-Kohn profiles, the nonmonotonicity of n(x) is achieved by Friedel oscillations. For the solution of other Euler equations, it may be achieved by a single-density peak 20 inside the jellium edge. Table II shows results for c from the Seidl-Brack variational calculation, 3 constructed in various ways. Equation ͑17͒ yields results that are very close to those obtained directly from an R→ϱ extrapolation of the calculated ionization energy I(R), while Eq. ͑9͒ yields a result very close to Ϫh(Ϫϱ) extracted from an R→ϱ extrapolation of the calculated electrostatic potential R (ϪR) at the center of the cluster. We also tried to extract c from the solution of the KohnSham equations, 15 which are the Euler equations for the energy functional combining the exact T s ͓n͔ with the localdensity approximation for E xc ͓n͔. We considered r s ϭ3.93 jellium spheres with 1ϽNϽ500. We plotted c (N) versus  N, where c(N) is given by Eq. ͑17͒ with f (x)→R͓n R (x) Ϫn(x)͔, and found strong shell-structure oscillations ͑Fig. 1͒ around a trend line that seems to tend to Ϫ0.08 as R→ϱ, with minima whenever an nϭ1 shell is filled, and maxima whenever a high-n shell is filled. Plots of R͓I(R) ϪW͔Ϫ 1 2 oscillate even more strongly about cϭϪ0.1, with maxima at the closed shells. These troublesome oscillations are of course absent from the restricted variational solution of Seidl and Brack, 3 which employs the fourth-order gradient expansion for T s ͓n͔.
The jellium model is most realistic for r s ϭ4, the density at which the energy per electron minimizes. A more generally realistic model is ''stabilized jellium,'' 21,22 which adds two terms to the energy functional of Eq. ͑2͒:
where ͗␦v͘ WS ϭϪnde kxc (n)/dn vanishes at r s ϭ4.2 bohr.
The first term in Eq. ͑21͒ is purely a bulk term, and has no effect on the surface properties of a rigid cluster. Within this model, the ''Koopmans'' expressions become Within the stabilized jellium model, it is also possible to account for the self-compression of metal clusters due to surface tension, 12, 23, 24 although we have here assumed for simplicity that the positive background is rigid. Table II for r s ϭ4.
